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, $R^{2}$ $\Gamma$ $\Omega$ ,
. , .
[1] , D-N ,
, , . ,
, – GMRES [2] , .
2
$\Phi$ , $(x_{1}, x_{2})$
.
$\frac{1}{c^{2}}\frac{\partial\Phi}{\partial x_{i}}\frac{\partial\Phi}{\partial x_{j}}\frac{\partial^{2}\Phi}{\partial x_{i}\partial_{X_{j}}}=\frac{\partial^{2}\Phi}{\partial x_{j}\partial_{X_{j}}}$ . (1)
, $c$ , $i,j=1,2$ Einstein .
$\Omega$ $\Gamma$ $n$ $\Omega$ .
$x_{1}$ – $U$ $\Phi$ , $\Omega$ .
1 $U$ , $\Phi$ :
$\frac{1}{c^{2}}\frac{\partial\Phi}{\partial x_{i}}\frac{\partial\Phi}{\partial x_{j}}\frac{\partial^{2}\Phi}{\partial x_{i}\partial x_{j}}=\frac{\partial^{2}\Phi}{\partial x_{j}\partial X_{j}}$ in $\Omega$ ,
$\frac{\partial\Phi}{\partial n}=0$ on $\Gamma$ ,
$\Phi(x_{1}, x_{2})=Ux_{1}+O(r^{-1})$ as $rarrow+\infty$ .




$\Gamma$ , $\mathrm{r}_{0}$ (Fig 1). $\mathrm{r}_{0}$ ,
$\Omega$ $\Omega_{1}$ $\Omega_{2}$ . $\mathrm{r}_{0}$ .
$\Omega_{1},$ $\Omega_{2}$ $\Gamma_{0}$
$n_{1},$ $n_{2}$ .
D-N [3] . D-N ,
, Dirichlet , –
.
, 1 $\Gamma$ Neumann , Neumann
$\nu:=\partial\Phi/\partial n_{2}$ N-D [4] .
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Fig. 1: Domain decomposition
Step 1. Fo $\nu^{(0)}$ , $k:=0$ .
Step 2. $\Omega_{2}$ Neumann :
$\frac{1}{c^{2}}\frac{\partial\Phi_{2}^{(k)}}{\partial x_{i}}\frac{\partial\Phi_{2}^{(k)}}{\partial x_{j}}\frac{\partial^{2}\Phi_{2}^{(k)}}{\partial x_{i}\partial x_{j}}=\frac{\partial^{2}\Phi_{2}^{(k)}}{\partial x_{j}\partial x_{j}}$ in $\Omega_{2}$ ,
$\frac{\partial\Phi_{2}^{(k)}}{\partial n_{2}}=\nu^{(k)}$ on $\Gamma_{0}$ ,
$\Phi_{2}^{(k)}(x_{1}, x_{2})=Ux_{1}+O(r^{-1})$ as $rarrow+\infty$ .
Step 3. $\Omega_{1}$ :
$\frac{1}{c^{2}}\frac{\partial\Phi_{1}^{(k)}}{\partial x_{i}}\frac{\partial\Phi_{1}^{(k)}}{\partial x_{j}}\frac{\partial^{2}\Phi_{1}^{(k)}}{\partial x_{i}\partial x_{j}}=\frac{\partial^{2}\Phi_{1}^{(k)}}{\partial x_{j}\partial X_{j}}$ in $\Omega_{1}$ ,
$\Phi_{1}^{(k)}=\Phi_{2}^{(k)}$ on $\Gamma_{0}$ ,
$\frac{\partial\Phi_{1}^{(k)}}{\partial n}=0$ on F.





$\nu^{(k+1)}=\alpha_{k}(-\frac{\partial\Phi_{1}^{(k)}}{\partial n_{1}})+(1-\alpha_{k})\nu^{(}k)$ on $\Gamma_{0}$ .
, $\alpha_{k}$ .
Step 6. $k:=k+1$ , Step 2 .
31 32 , $\Omega_{1},$ $\Omega_{2}$ .
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3.1 $\Omega_{2}$
$\Omega_{2}$ $(x_{1}, x_{2})$ , $\Gamma$ $\mathrm{r}_{0}$
, . , Step 2
$\frac{1}{c^{2}}\frac{\partial\Phi}{\partial x_{i}}\frac{\partial\Phi}{\partial x_{j}}\frac{\partial^{2}\Phi}{\partial x_{i}\partial_{X_{j}}}=\frac{\partial^{2}\Phi}{\partial x_{j}\partial X_{j}}$ (2)
$[1- \frac{1}{c^{2}}(\frac{\partial\Phi}{\partial x_{1}})^{2}]\frac{\partial^{2}\Phi}{\partial x_{1}^{2}}-\frac{2}{c^{2}}(\frac{\partial\Phi}{\partial x_{1}}\frac{\partial\Phi}{\partial x_{2}})\frac{\partial^{2}\Phi}{\partial x_{1}\partial_{X_{2}}}+[1-\frac{1}{c^{2}}(\frac{\partial\Phi}{\partial x_{2}})^{2}]\frac{\partial^{2}\Phi}{\partial x_{2}^{2}}=0$ (3)
. , $\Phi_{2}^{(k)}$ $(k)$ , 2 .
, $\varphi(x_{1}, x_{2}):=\Phi(x_{1}, x_{2})-Ux_{1}$ ,
$\frac{\partial\Phi}{\partial x_{1}}=\frac{\partial\varphi}{\partial x_{1}}+U$ $\frac{\partial\Phi}{\partial x_{2}}=\frac{\partial\varphi}{\partial x_{2}}$ .
$\frac{\partial\varphi}{\partial x_{i}}(i=1,2)$ $U$ $\frac{\partial\varphi}{\partial x_{i}}$ 1 ,
.
$(1-M_{\infty}^{2}) \frac{\partial^{2}\varphi}{\partial x_{1}^{2}}+\frac{\partial^{2}\varphi}{\partial x_{2}^{2}}=0$ . (4)
, $M_{\infty}:=U/c$ .
$\Omega_{2}$ (2) (4) . Prandtl-Glauert
$\xi=x_{1}$ , $\eta=\beta x_{2}$ , (4) Laplace [5].
, $\varphi$ $(\xi, \eta)$ .
$\tilde{\varphi}(\xi, \eta)=\varphi(x_{1}, x_{2})$ .
, $\beta=\sqrt{1-M_{\infty}^{2}}$ , $(\xi, \eta)$ (4) ,
$\frac{\partial^{2}\overline{\varphi}}{\partial\xi^{2}}+\frac{\partial^{2}\tilde{\varphi}}{\partial\eta^{2}}=0$
. , $(\xi, \eta)$ , $\sim$ $(x_{1}, x_{2})$ .
$\tilde{\Gamma}_{0}$ $\tilde{\Omega}_{2}$







, $\tilde{\mathrm{r}}_{0}$ Neumann $\tilde{\nu}:=\frac{\partial\tilde{\varphi}}{\partial\tilde{n}_{2}}$ ,
$\frac{\partial\tilde{\varphi}}{\partial\tilde{n}_{2}}=\tilde{n}_{2}\cdot\nabla_{\xi\eta}\tilde{\varphi}$
$= \frac{1}{\sqrt{\beta^{2}n_{1}^{2}+n^{2}2}}(\beta n_{1}, n_{2})\varphi$
$= \frac{1}{\backslash \frac{\beta^{2}n_{1}^{2}+n_{\mathrm{o}}2}{}}(\beta n_{1}\frac{\partial}{\partial n_{1}}+\frac{1}{\beta}n_{2}\frac{\partial}{\partial n_{2}}\mathrm{I}^{\varphi}$
.
, $\Omega_{2}$ Laplace Neumann .
2 $(\xi, \eta)$ , $\tilde{\varphi}$ .
$-\nabla_{\xi\eta}\cdot\nabla_{\xi\eta}\tilde{\varphi}=0$ in $\overline{\Omega}_{2}$ ,
$\frac{\partial\tilde{\varphi}}{\partial\tilde{n}_{2}}=\tilde{\nu}$ on $\tilde{\Gamma}_{0}$ ,
$\tilde{\varphi}=O(\tilde{r}^{-1})$ as $\tilde{r}arrow\infty$ .
Step 1 $\nu$ $\tilde{\nu}$ . , Laplace
Neumann $\int_{\Gamma_{\mathrm{O}}}\tilde{\nu}d\mathrm{r}=0$ . ,
2 .
32 $\Omega_{1}$
$\Omega_{1}$ $\text{ }$ . Step 3
$[1- \frac{1}{c^{2}}(\frac{\partial\Phi}{\partial x_{1}})^{2}]\frac{\partial^{2}\Phi}{\partial x_{1}^{2}}-\frac{2}{c^{2}}(\frac{\partial\Phi}{\partial x_{1}}\frac{\partial\Phi}{\partial x_{2}})\frac{\partial^{2}\Phi}{\partial x_{1}\partial_{X_{2}}}+[1-\frac{1}{c^{2}}(\frac{\partial\Phi}{\partial x_{2}})^{2}]\frac{\partial^{2}\Phi}{\partial x_{2}^{2}}=0$ (5)
. , $\Phi_{1}^{(k)}$ $(k)$ , 1 .
$a:=1- \frac{1}{c^{2}}(\frac{\partial\Phi}{\partial x_{1}})^{2}$ , $b:=1- \frac{1}{c^{2}}(\frac{\partial\Phi}{\partial x_{2}})^{2}$ , $h:=- \frac{1}{c^{2}}(\frac{\partial\Phi}{\partial x_{1}}\frac{\partial\Phi}{\partial x_{2}})$
, (5) , $a \frac{\partial^{2}\Phi}{\partial x_{1}^{2}}+2h\frac{\partial^{2}\Phi}{\partial x_{1}\partial_{X_{2}}}+b\frac{\partial^{2}\Phi}{\partial x_{2}^{2}}=0$ .
$\Omega_{1}$ $\{e\}$ . $a,$ $b,$ $h$ – ,
,













$\int_{\Gamma}(n\cdot D\nabla\Phi)\delta\Phi d\Gamma-\int_{\Omega_{1}}D\nabla\Phi\cdot\nabla\delta\Phi d\Omega=0$
. – $e$
$\int_{e}D\nabla\Phi\cdot\nabla\delta\Phi d\Omega(=)\int_{\partial e}(D\nabla\Phi\cdot n)\delta\Phi d\Gamma$ (7)





. $\Omega_{1}$ $e$ , ,
$[K(\Phi_{\Omega_{1}})]\{\Phi_{\Omega_{1}}\}=[Q(\Phi_{\Omega_{1}})]\{\Phi_{\Omega_{1}}\}$ (8)





, , GMRES $(m)$ [6] , .
Step 3.1. $\{\Phi_{\Omega_{1}}^{(0)}\}$ , $Ux_{1}$ , $j=0$ .
Step 3.2. $A(\Phi_{\Omega_{1}}^{(j}))_{X}=0$ $\Gamma_{0}$ A(j)x=b( . GMRES
$x0:=\Phi_{\Omega_{1}}^{(j)}$ .
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Step 3.3. $r_{0}=b^{(j)}-A^{(j)}x_{0}$ ,
$v_{1}:= \frac{r_{0}}{||r_{0}||}$ ,
$e:=(||r0||, \mathrm{o}, \ldots, \mathrm{o})^{\mathrm{T}}$ ,
$n:=1$
.

















Step 3.7. $\omega,$ $\mu$ ,
, $e$ $n$
$|e_{n}|<\mu||b^{(j})||$




. , 1 $\Phi_{\Omega_{1}}^{(j)}$ $x$
$||\Phi_{\Omega_{1}}(j)-x||_{2}<\omega||\Phi^{(}\Omega_{1}j)||_{2}$
, $x$ $[A(\Phi_{\Omega_{1}})]\{\Phi_{\Omega_{1}}\}=0$ .









, $\Phi_{\Omega_{1}}^{(j)}$ , 1 :
$\Phi_{\Omega_{1}}^{(j+1}):=x_{m}$ , $j$ $:=j+1$
, Step 32 .
Step 3.11. $x_{\mathit{0}}=x_{m}$ , Step 3.3 .
33 N-D
31 32 , N-D .
Step I. $\tilde{\nu}^{(0)}$ ( , $\int_{\overline{\Gamma}_{0}}\tilde{\nu}^{()}d0\mathrm{r}=0$) , $k:=0$ .
Step II. $\tilde{\Omega}_{2}$ Laplace Neumann :
$\nabla_{\xi\eta}\cdot\nabla_{\xi\eta}\tilde{\varphi}2(k)=0$ in $\tilde{\Omega}_{2}$ ,
$\frac{\partial\tilde{\varphi}_{2}^{(k)}}{\partial\tilde{n}_{2}}=\tilde{\nu}^{(k)}$ on $\tilde{\Gamma}_{0}$ ,
$\tilde{\varphi}_{2}^{(k)}=O(\tilde{r}^{-1})$ as $\tilde{r}arrow+\infty$ .
Step III. $\Omega_{1}$ :
$\frac{1}{c^{2}}\frac{\partial\Phi_{1}^{(k)}}{\partial x_{i}}\frac{\partial\Phi_{1}^{(k)}}{\partial x_{j}}\frac{\partial^{2}\Phi_{1}^{(k)}}{\partial x_{i}\partial x_{j}}=\frac{\partial^{2}\Phi_{1}^{(k)}}{\partial x_{j}\partial X_{j}}$ in $\Omega_{1}$ ,
$\Phi_{1}(k)(x_{1}, x_{2})=\tilde{\varphi}_{2}^{(k)}(x_{1}, \beta x_{2})+Ux_{1}$ on $\Gamma_{0}$ ,
$\frac{\partial\Phi_{1}(k)}{\partial n}=0$ on $\Gamma$ .
$\tilde{\varphi}_{1}^{(k)}(x_{1}, \beta_{X_{2})}=\Phi_{1}^{(k)}(x_{1,2}X)-UX_{1}$ .
47







$\tilde{\nu}^{(k+1)}=\alpha_{k}(\tilde{n}_{2}\cdot\nabla_{\xi\eta}\tilde{\varphi}_{1}^{()})k)+(1-\alpha_{k})\tilde{\nu}^{(k}$ on $\tilde{\Gamma}_{0}$ .
, $\alpha_{k}$ .
Step VI. $k:=k+1$ , Step 2 .
4
33 N-D ,
. $\Gamma$ 1 $[\mathrm{m}]$ NACA0012 ,
$\Omega$ . $\alpha$ $\tan\alpha=0.1$ .
$U:=205[\mathrm{m}/\mathrm{S}]$ , $\Phi$ $\Omega_{1}$
. $c:=340[\mathrm{m}/\mathrm{S}]$ . $M_{\infty}=205/340\simeq 0.60$ .
$\Gamma_{0}$ Fig 2 .
$rr$
Fig. 2: Awing profile (NACA0012) and $\Gamma_{0}$
Step V $\alpha_{k}=0.5$ , Step IV $\epsilon=10^{-2}$
. $\omega,$ $\mu,$ $\mu’$ , $10^{-2},10-12,10^{-6}$ , GMRES $m$ 50
.
Fig. 3: Trianglar element (8,192 elements)
$\Omega_{1}$ Fig.3 8,192 1 , , Fo
$\nu^{(0)}=0$ , N-D 21 . Fig.4
. , $\Phi_{2}^{(21)}$ ,
. $\Omega_{2}$ ,
$\Omega_{1},$ $\Omega_{2}$ .
$M_{\infty}\simeq 0.60$ , Step III $\Phi_{1}^{(k)}$
.
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Fig. 4: Numerical solution $\Phi_{1}^{(21)}$ $(-1.13\cross 10^{2}<\Phi_{1}^{(21)}<1.93\cross 10^{2})$
5
, N-D .
, $\Omega_{1}$ $\Omega_{2}$ ,
. $\Omega_{2}$ , ,
. $\Omega_{1}$ , 1 .
Step 3 , GMRES $(m)$
. , NACA0012 ,
$M_{\infty}\simeq 0.60$ N-D .
$\Omega_{1},$ $\Omega_{2}$ , .
,
, Step 3 .
, Step 3 , 2 .
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